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 This paper presents a robust backstepping control (BC) methodbased on 
nonlinear disturbance observer (NDOB) for trajectory tracking of the 
nonholonomic wheeled mobile robot (WMR) in the presence of external 
disturbances and parameters uncertainties. At first, a bounded Fuzzy logic 
based backstepping controller (BFLBC) is designed to control the WMR 
without considering the effects of the external disturbances and the 
parameters uncertainties. Typically, the conventional BC controller depends 
upon the state tracking errors analysis, where unbounded velocity signal is 
produced for the applications that have huge tracking errors. Therefore, a 
fuzzy logic controller (FLC) is introduced in this research in order to 
normalize the state tracking errors, so that the input errors to the BC are 
bounded to a finite interval. Finally, the designed BFLBC is integrated with 
the nonlinear disturbance observer in order to attenuate the external 
disturbances and model uncertainties. The simulation results show the 
effectiveness of the proposed controller to generate a bounded velocity signal 
as well as to stabilize the tracking errors to zero. In addition, the results prove 
that the proposed controller provide an excellent disturbance attenuation as 
well as robustness against the parameters uncertainties. 
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1. INTRODUCTION 
 The research on trajectory tracking problem of wheeled mobile robot (WMR) gains a great interest 
in the recent years due to its promising applications in many fields such as factory automation, transportation, 
room cleaning , security and space exploration. The main motivations behind these considerable interests are 
the unexpected growth in the areas of wireless communication, computing machinery and sensors 
technology. The purpose of the path tracking controller is to force the WMR to achieve a desired path such 
that the tracking error is stabilized to zero. However, the tracking error is mostly unavoidable since the 
performance of the WMR can be affected by different types of uncertainties such as sensors and actuators 
faults, slippage, friction and unmodeled dynamics. Thus, design of robust path tracking controller for WMR 
is still an open issue in robotics community [1]. 
 The path tracking problem of WMR currently receives a lot of attention from both academics and 
automobile industrial researches. The available WMR tracking approaches have been reported in the 
literature can be classified into backsteeping [1-7], sliding mode [8-9], linearization [10], neural network [11-
12] and fuzzy logic control [13]. Although the extensive research has been done on WMR tracking control, 
but most of the previous work [1-10] has assumed that the WMR has a pure non-holonomic constraint. 
However, the pure rolling and non-slipping assumptions cannot be guaranteed due to a set of factors that 
influence the performance of the WMR such as sharp turning motion at high speed [13]. To overcome these 
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limitations, some researchers have proposed a tracking controller for the WMR with non ideal nonholonomic 
constraints [13-14]. For instance, a fuzzy logic controller is proposed in [13] for tracking control of the WMR 
in the presence of kinematic and dynamic uncertainties, which the kinematic disturbance is assumed to be a 
function of both linear as well as angular velocities.    
 Among the previous control techniques, the backstepping controller (BC) is the most popular 
method for nonholonomic WMR tracking control [1-6]. In particular, the kinematic based BC approach for a 
nonholonomic WMR was first suggested by Kanayama et al. (1990), which it has been assumed that the 
WMR has a pure nonholonomic constraint. Nevertheless, a new challenging will be imposed in the controller 
design by violating the ideal nonholonomic constraints in which the controller should incorporates the 
disturbance removal to achieve high tracking accuracy. Therefore, in this paper, a non linear disturbance 
observer (NDOB) is combined with the BC controller in order to improve the disturbances attenuations and 
the robustness against the parameters uncertainties. Essentially, the NDOB has been applied in the literature 
for many nonlinear systems, such as missiles [15-17], robot manipulator [18-20] and pendubot system [21].    
 This research proposed a robust BC for uncertain kinematic model of the nonholonomic WMR 
based on NDOB. The proposed controller includes two parts. First, a bounded Fuzzy logic based 
backstepping controller (BFLBC) is designed to control the WMR without considering the effects of the 
external disturbances and the parameters uncertainties. Meanwhile, the fuzzy logic controller (FLC) is 
integrated with the BC to overcome the unrealistic large velocity signal that produced by the BC caused by 
the huge state tracking errors. Therefore, it can achieve a smooth motion of the WMR without any sharp 
speed jumps even for the systems that have large state tracking errors. Finally, the designed BFLBC is 
integrated with the NDOB in order to tackle the external disturbances and model uncertainties. 
 The paper is outlined as follows: In section 2, the methods are presented, which include the model 
of the nonholonomic WMR with kinematic uncertainties, the controller design, and the stability analysis. The 
simulation setup is given in section 3. The results of the proposed controller as compared to the conventional 
BC are discussed in section 4. Finally, the conclusion is presented in section 5.   
 
 
2. RESEARCH METHOD 
 
2.1. Nonholonomic WMR Model with Kinematic Uncertainties 
 The nonholonomic WMR model in a 2-D Cartesian workspace is shown in Figure 1, where {X, O, 
Y} and {D, C, L} are the global and local Cartesian coordinate system, respectively. D is the driving direction 
(longitudinal direction) and L is the lateral direction (latitudinal direction). A posture of a nonholonomic 
WMR in the global Cartesian coordinate system {X, O, Y}  can be represented by a vector  ௖ܲ ൌ ሾܺ௖ ௖ܻѲ௖ሿ் , 
where C is the center of the robot, (ܺ௖	, ௖ܻ) is the WMR coordinate and Ѳୡ is the orientation angle of the 
WMR. 
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Figure 1. WMR model with kinematics uncertainties 
 
 
The kinematics model of the nonholonomic WMR can be written as: 
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where ݒ௖ , ݓ௖ and ݎ represent the forward velocity ,angular velocity and the distance from the configuration 
center of the WMR to the wheels center, respectively. Moreover, ߜ௫  and ߜ௬ representing the kinematics 
uncertainties in the D and L coordinates, respectively. Based on study [13], the equations of the kinematic 
uncertainties are given as follows: 
 
ߜ௫ ൌ ߜ௩ ܿ݋ݏ Ѳ௖ ൅ ߜ௪ ݏ݅݊ Ѳ௖ (2) 
 
ߜ௬ ൌ ߜ௩ ݏ݅݊ Ѳ௖ െ ߜ௪ ܿ݋ݏ Ѳ௖ (3) 
 
where, 
 
ߜ௩ ൌ ݐ݄ܽ݊	ሺݒ௖ሻ,	ߜ௪ ൌ 0.2	tanh ሺݓ௖ሻ (4) 
 
 
2.2. Bounded Fuzzy Logic Based Backstepping Controller Design 
The purpose of WMR path tracking controller is to find a control low input qሺq ൌ ሾvୡ wୡሿ୘ሻ that 
force the robot to follow reference trajectory with position ሾݔௗ ݕௗ Ѳௗሿ் and velocity ሾݒௗ ݓௗሿ், such 
that the posture error ܧ௤	ሺܧ௤ ൌ ሾ݁஽ ݁௅ ݁Ѳሿ்ሻconverges to zero as the time approaches infinite. The 
conventional BC method for tracking control of the WMR kinematic model is given by [1] 
 
ቂݒݓቃ ൌ 	 ൤
݇ଵ݁஽ ൅ ݒௗ cos ݁Ѳ
ݓௗ ൅ ݇ଶݒௗ݁௅ ൅ ݇ଷݒௗ sin ݁Ѳ൨ (5) 
 
The BC approach is limited for the applications that have small tracking errors since the controller is 
directly related to the state tracking errors. The FLC combined with the BC approach to overcome this 
limitation of the BC method. Firstly, the FLC is utilized to normalize the tracking error in the longitudinal 
direction ݁஽. Then, the BC approach is applied to control the motion of the WMR based on the normalized 
tracking errors, which are obtained from the FLC.The BFLBC for the kinematic model of the WMR without 
considering the effects of the external disturbances and the parameters uncertainties is given as follows: 
 
ቂݒ௖ଵݓ௖ଵቃ ൌ 	 ൥
݇஽ ൬1 െ ݁
ି௧
் ൰ ݁஽௡௢௥௠ ൅ ݒ௥ ܿ݋ݏ ݁Ѳ
ݓ௥ ൅ ݇௅ݒ௥݁௅ ൅ ݇Ѳ ݏ݅݊ ݁Ѳ
൩ (6) 
 
whereݒ௥ is the desired forward velocity, ݓ௥ the desired angular velocity, ݁஽௡௢௥௠ is the normalized error in 
the longitudinal direction which is obtained by the FLC and T is the time constant. 
 
2.3. Nonlinear Disturbance Observer Design 
A NDOB is developed in this section to estimate the WMR kinematic uncertainties. Then, the 
NDOB is integrated with the proposed BFLBC to construct the controllerof the WMR. The kinematics model 
of the nonholonomic WMR can be rewritten as: 
 
ߦሶ ൌ ݃ሺݔሻݑ ൅ ݀ (7) 
 
whereߦሶ ൌ ൤ݔሶ௖ݕሶ௖൨ , ݃ሺݔሻ ൌ ൤
cosѲ௖ െr	sinѲ௖sinѲ௖ r	cosѲ௖ ൨ , ݑ ൌ ቂ
ݒ௖ݓ௖ቃ , ݀ ൌ 	 ൤
ߜ௫
ߜ௬൨ 
 
Throughout this paper, the robot kinematic uncertainties are assumed to be slowly time varying. Motivated 
by the work proposed in [15-20], the following observer is designed to estimate the unknown kinematic 
uncertainties݀, given by 
 
መ݀ ൌ ݖ ൅ ݌ሺݔሻ (8) 
 
ݖሶ ൌ െ݈ݖ െ ݈ሺ݌ሺݔሻ ൅ ݃ሺݔሻݑሻ (9) 
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where መ݀, ݖ and ݈ represent the estimated disturbance, the observer internal state, and the observer gain, 
respectively. The observer gain ݈ is given as follows: 
 
݈ ൌ ߲݌ሺݔሻ߲ݔ  (10) 
 
where݌ሺݔሻ ൌ ߦ 
 
2.4. Backstepping Controller Design Based on Nonlinear Disturbance Observer 
In this section, the composite controller law is designed for the uncertain kinematic model WMR. The 
proposed controller is composed of the BFLBC as given in equation (6) and the NDOB as designed in the 
previous section.The composite control low ݑ ൌ ሾݒ௖ ݓ௖ሿᇱ is given as follows: 
 
ݑ ൌ ߟሺݔሻ ൅ ߤሺݔሻ መ݀ (11) 
 
whereߟሺݔሻ is the feedback BFLBC for the WMR without considering the effects of the uncertainties, ߤሺݔሻ is 
the disturbance compensation gain and መ݀ is the estimated disturbance using the proposed NDOB. 
 
൤ߟଵଵሺݔሻߟଶଵሺݔሻ൨ ൌ ቂ
ݒ௖ଵݓ௖ଵቃ ൌ ൥
݇஽ ൬1 െ ݁
ି௧
் ൰ ݁஽௡௢௥௠ ൅ ݒ௥ ܿ݋ݏ ݁Ѳ
ݓ௥ ൅ ݇௅ݒ௥݁௅ ൅ ݇Ѳ ݏ݅݊ ݁Ѳ
൩ (12) 
 
The disturbance compensation gain ߤሺݔሻ is given as follows: 
 
ߤሺݔሻ ൌ െ	݃ሺݔሻିଵC 
݃ሺݔሻ ൌ ൤cosѲ௖ െr	sinѲ௖sinѲ௖ r	cosѲ௖ ൨ , c ൌ ൤
c୶ 00 c୷൨ 
(13) 
 
wherec୶ and  c୷ are the controller gain to be design. 
 
2.5. Stability Analysis 
Theorem 1: 
If the controller (6) is applied to the WMR kinematic model given in (1), ࡱ௣ ൌ 0 is a stable equilibrium 
point. 
Proof: 
A lyapunov function candidate Vis chosen as follows; 
 
ܸ ൌ 12 ሺ݁஽
ଶ ൅ ݁௅ଶሻ ൅ 1݇௅ ሺ1 െ ܿ݋ݏ݁Ѳሻ (14) 
 
Clearly, ܸ ൒ 0 and  ܸ ൌ 0 if݁஽ ൌ 0,݁௅ ൌ 0and݁Ѳ ൌ 0 
 
ሶܸ ൌ ݁஽݁஽ሶ ൅ ݁௅݁௅ሶ ൅ sin ݁Ѳ݇௅ ݁Ѳሶ  (15) 
 
ሶܸ ൌ 	 ݁஽ሾݓ௖݁௅ െ ݒ௖ ൅ ݒ௥ cos ݁Ѳሿ ൅ ݁௅ሾെݓ௖݁஽ ൅ ݒ௥ sin ݁Ѳሿ ൅ sin ݁Ѳ݇௅ ሾݓ௥ െ ݓ௖ሿ (16) 
 
ሶܸ ൌ ݁஽ ൤െ ൬݇஽ሺ1 െ ݁
ି௧
் ሻ	݁஽ ൅ ݒ௥ cos ݁Ѳ൰ ൅ ݒ௥ cos ݁Ѳ൨ ൅ ݁௅ሾݒ௥ sin ݁Ѳሿ ൅ sin ݁Ѳ݇௅ ሾݓ௥ െ ݓ௖ሿ (17) 
 
ሶܸ ൌ െ݇஽ ൬1 െ ݁
ି௧
் ൰ ݁஽ଶ ൅ ݁௅ሾݒ௥ sin ݁Ѳሿ ൅ sin ݁Ѳ݇௅ ൣݓ௥ െ ሾݓ௥ ൅ ݇௅ݒ௥݁௅ ൅ ݇Ѳ sin ݁Ѳሿ൧ (18) 
 
ሶܸ ൌ െ݇஽ ൬1 െ ݁
ି௧
் ൰ ݁஽ଶ െ ݇Ѳ݇௅ sin ݁Ѳ
ଶ ൑ 0 (19) 
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Therefore ሶܸ  is negative semi-definite and the resulting system is asymptotically stable.   
	
	
3. SIMULATION SETUP  
 The proposed controllerand the kinematic model of the robot as defined in equation (1) are 
simulated in MATLAB-SIMULINK. The simulation interval is from 0 to 40 second, and the sampling timet 
is 0.01 second. The input parameters to the system are as follows:ݎ ൌ 1, ݇ଵ ൌ 4, ݇ଶ ൌ 2.5,݇ଷ ൌ 1, ݒௗ ൌ 1, ݓௗ ൌ 1,݇஽ ൌ 3, ݇௅ ൌ 1, ݇Ѳ ൌ 1.5, ܥ௫ ൌ 1.3, ܥ௬ ൌ 1.3 and T=1.Moreover, the NDOB gain is selected as 
follow: 
 
݈ ൌ ቂ28 00 28ቃ (20) 
 
 
4. RESULTS AND ANALYSIS 
 This section presents two case studies that will illustrate the robustness and the effectiveness of the 
proposed controller to tackle the external disturbances and model uncertainties. For the first trajectory 
tracking case, the proposed controller is applied to track a simple straight path with a constant linear and 
angular velocity. Then, a circular path is set to be a reference trajectory. Finally, the disturbance rejection 
ability of the proposed controller is compared with the conventional BC approach. 
 
4.1. Straight Path Tracking 
 Initially, a simple case study to track a straight path is proposed. The desired straight path is defined 
as ݕ ൌ 10 and ݔ ൌ ݐ ൅ 10  in the Cartesian coordinates workspace. The initial posture of the WMR is 
(0,0,0), while the desired initial posture is (10,10,0). Thus the initial tracking error is (10,10,0). Figures2-3 
show the performances of straight path trajectory using the proposed controller. It can be observed from 
Figure 2 that the proposed controller generates continuous, bounded and smooth control signals with zero 
value at the starting time. The posture error of the straight path trajectory is shown in Figure 3. As it can be 
seen, the proposed controller stabilizes the tracking error to zero. 
 
4.2. Circular Path Tracking 
 In this section, a circular path is set to be a reference trajectory. The simulation interval is from 0 to 
40 second, and the sampling time t is 0.01 second. The initial posture of the WMR is (0, 0.6, 0), while the 
desired initial posture is (15, 13, 0). Therefore, the initial tracking error is (15, 13, 0). The desired circular 
path in the Cartesian coordinates is defined as follows: 
 
ݔ ൌ 15 െ 2 cosሺݐ ൅ ߨ2ሻ, ݕ ൌ 15 െ 2 sinሺݐ ൅
ߨ
2ሻ (21) 
 
Figures 4-5 show the circular path tracking performance of the proposed controller and the standard BC 
method, respectively.  In comparison with the conventional BC approach, the simulation results prove that 
the tracking performance can be improved significantly using the proposed controller, where it is capable to 
track a circular path accurately even in the presence of external disturbances and parameters uncertainties. 
Figures 6-7 show the velocities response of the proposed controller and the conventional BC, respectively. It 
can be seen form Figure 6 that the proposed controller is capable of producing a bounded as well as smooth 
velocity signal with zero value at the starting time.  However, as shown in Figure 7 the forward velocity of 
the conventional BC jumps to more than 70 m/s at the initial time, which is difficult to be implementable in 
an actual robotic system. The posture error of the proposed controller and the the conventional BC are shown 
in Figures 8 and 9, respectively. It can be observed that the normalizing error using FLC is converged to the 
natural error as the time approach infinity. In addition, the proposed controller is stabilized the tracking errors 
to zero. However, as shown in Figure 9, the conventional BC is failed to stabilize the tracking error to zero. 
Figures 10-11 show the estimation of the disturbances and parameters uncertainties using the NDOB. It can 
be observed that the proposed controller has an excellent disturbance attenuation as well as strong robustness 
against the parameters uncertainties. 
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Figure 2. Control signals Figure 3. Posture error 
Figure 4. Trajectory of circle tracking for 
the proposed controller 
Figure 5. Trajectory of circle tracking for 
standard backstepping controller 
Figure 6. Control signals for the 
proposed controller 
Figure 7. Control signals for the 
standard backstepping controller 
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5. CONCLUSION 
A robust BC controller based on nonlinear disturbance observer is presented in this research for 
tracking control of the kinematic model of the nonholonomic WMR in the presence of external disturbances 
and parameters uncertainties. The proposedcontroller is capableofproducing a bounded velocity signals 
regardless of the amount of the state tracking errors. Therefore, it can achieve a smooth motion for the WMR 
even for the applications that have huge state tracking errors. In addition, the simulation results has shown 
that the proposed controller provide an excellent disturbance attenuation as well as strong robustness against 
the parameters uncertainties.  
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